ABSTRACT. An integral domain is said to have property D if every torsionfree module of finite rank is a direct sum of modules of rank one. In recent papers the author has given partial solutions to the problem of finding all rings with this property.
In this paper the author is finally able to show that an integrally closed integral domain has property D if and only if it is the intersection of at most two maximal valuation rings. Definition.
An integral domain R is called a valuation ring if either x or
1/x is in R for every nonzero element x of the quotient field Q of R. A valuation ring R is called a maximal valuation ring if Q/R is an injective R-module and R is complete in the R-topology-the topology formed by taking the nonzero ideals of R as a system of neighborhoods of 0 in R.
Definition. An integral domain R is said to be a ring of type I if R has ex- Proof. [9, Corollary l] .
2. Technical lemmas. Lemma 2. Let R be a maximal valuation ring, and A a torsion-free R-module.
Let B be a submodule of A such that A/B is a finite direct sum of k cyclic torsion R-modules, where k < rank A. Then there is a nonzero direct summand of B which is also a direct summand of A.
Proof. There exists a pure submodule have L j © L -, = E + Ker / and E D Ker / = 0. Thus Lj© L 2 = E © Ker / = E © S2 © L2.
Since G is indecomposable and L2 is a direct sum of 77.'s, there is an H■ such that G = 77..
Lemma 5. LeZ R be an integral domain and P a prime ideal of R such that P = PRp and R" is a valuation ring. If A is a torsion-free R-module of finite rank n, then A/PA is a torsion-free R/P-module of rank < tz. Conversely, if B is a torsion-free R/P-module of rank n, then there is a free R "-module F of rank n and an R-submodule A of F such that PF C A C F and B = A/PF.
Proof. Let A be a torsion-free R-module of rank 72. Since A/PA C Ap/PA, it is sufficient to prove that Ap/PA is a torsion-free R/P-module of R/P tank < 72. Since RpPAp = PRpA = PA, we see that Ap/PA = Ap/RpPAp. Thus Ap/pA is a module over Rp/PRp and hence is a torsion-free R/P-module. We will prove that rank Ap/PA < n over R/P by induction on n, the rank of A over R. Suppose that rank A = 1. We may assume that PA 4 Ap, and consequently Ap is not the quotient field of Rp. Since Rp is a valuation ring, it follows that Ap is isomorphic to an ideal of Rp. Because the ideals of Rp ate linearly ordered, it follows that Ap/PA is isomorphic to Rp/PRp and hence has rank 1 over R/P.
We assume that rank A = n > 1, and the assertion true for modules of rank 72 - By the case 72 = 1, D/PD is a torsion-free R/P-module of rank < 1. By induction C/PC is a torsion-free R/P -module of rank < 72 -1. Thus Ap/PAp is a torsionfree R/P-module of rank < ?2.
Conversely, let B be a torsion-free R/P-module of rank n. Let F be a free Rp-module of rank 72. Since Rp/P is the quotient field of R/P, F/PF is a direct sum of 72 copies of the quotient field of R/P. Thus we can assume that B is an R/P-submodule (and hence an R-submodule) of F/PF. Thus there is an R-submodule A of F such that PF C AC F and B ^A/PF.
3. Main theorems. Conversely, assume that R/P has property D. We will assume that R does not have property D and arrive at a contradiction. Let tz be the smallest integer greater than one for which there is an indecomposable torsion-free R-module of rank 22, and let A be an indecomposable torsion-free R-module of rank 72. Then A is a reduced R-module.
By Lemma 5, A/PA is a torsion-free R/P-module whose R/P tank is less than or equal to ?2. Since PA is an Rp-module, and Rp has property D, PA is a direct sum of 22 Rp-modules of rank 1. Hence we see that A /= PA.
Since R/P has property D, A/PA is a finite direct sum of torsion-free R/Pmodules of rank 1. Therefore A/PA = B X/PA © B/PA, where B x, B2 ate submodules of A such that A = B x + B 2, B x n B2 = PA, and rank B./PA = Jfc. < n fot z'=l, 2.
We will prove that B x and B2 ate each direct sums of 22 R-modules of rank 1. Lemma 6. Let R be a nonlocal Prüfer ring whose quotient field Q is not remote, and let J be the Jacobson radical of R. If M is a maximal ideal of R, then R~ = P is a nonzero prime ideal of R contained in J and P contains every prime ideal of R that is contained in J. We have P_1 = Rp and PRp = P. If N is any other maximal ideal of R, then R~l = P also.
Proof. Since Q is not remote from R, we have P / 0. Clearly, P is a proper ideal of R", and thus P C A1RM O R = Al. Let TV be another maximal ideal of R, Let x be an element of L such that x" £ P fot some integer 72 > 0. If y £ RM, then (xy)n = x"y" £ PRM C R, and xy is integral over R. But R is integrally closed, and thus xy £ R. Hence we have xR C R, which shows that x £ P. Thus P is a radical ideal of R,,. Since R" is a valuation ring, P is a prime ideal of RM. A fortiori P is a prime ideal of R.
Since P C Al, we have RM C Rp. Thus Rp is a valuation ring and PRp C AIR...
Hence PRp is a prime ideal of R^. Now P D R = P = PRp D R; therefore, by the one-to-one correspondence between the prime ideals of R" and the prime ideals of R contained in Al, we have P = PRp. Thus P C Rp1; but Rp1 is a proper ideal of Rp, and hence R~ ! C PRp = P. Thus we see that P = R~l. Now (P~1P)RM = p-l(PRM) = P~lP C R. Thus P~lP <Z R~l = P. This shows that P is a ring. Since Rp C P , P is a valuation ring with maximal ideal m(P~1) C PRp = P. But P is a proper ideal of P_1, and thus P = mÍP-1). Therefore we have P~ 1 = Rp.
Let P he a prime ideal of R contained in /. Then R,, C Rp>, and hence P'Rpi C RN for all maximal ideals N of R. Thus P'Rp> C D^ RN = R, and P 'C R~) C R^ = P. Therefore, P contains all prime ideals of R that are contained in /.
From this it follows immediately that P = R~ ' for all maximal ideals N of R.
We are now ready to prove the main theorem of this paper. Proof. Assume that R has property D. By Theorem D4, R is a Prüfer ring. If
Al is a maximal ideal of R, then RM is a valuation ring, and hence by Theorem D2, RM is a maximal valuation ring. Since R = MAI RM, where Al ranges over all maxi-mal ideals of R, we must prove that R has at most two maximal ideals. We will suppose that R has more than two maximal ideals, and arrive at a contradiction.
Since R is not a ring of type I, we have by Theorem D3 that R does not have a remote quotient field. Thus by Lemma 6, there is a nonzero prime ideal P contained in the Jacobson radical J of R such that PRp = P. Let R = R/P; then by Theorem 1, R has property D.
Let M be a maximal ideal of R. We have M = M/P, where M is a maximal ideal of R. Then R^ = R^/PR^ iS a valuation ring, and thus R is a Prüfer ring.
Since P C J, R has the same number of maximal ideals as R. Therefore, R is not a ring of type I, and thus R does not have a remote quotient field by Theorem D3.
Hence we can apply Lemma 6 again and obtain a nonzero prime ideal P* of R contained in the radical / of R. Now / = J/P; and P* = P'/P, where P is a prime ideal of R such that P Ç P' C /. But this contradicts Lemma 6 which asserts that P contains every prime ideal of R contained in /. Therefore, R is the intersection of one or two maximal valuation rings. 
Conversely

